We consider the problem of motion of several rigid bodies immersed in a perfect compressible fluid. Using the method of convex integration we establish the existence of infinitely many weak solutions with a priori prescribed motion of rigid bodies. In particular, the dynamics is completely time-reversible at the motion of rigid bodies although the solutions comply with the standard entropy admissibility criterion.
Introduction
The motion of one or more rigid objects immersed in a fluid is an example of fluid-structure interaction problem in continuum mechanics. We focus on the case of perfect (inviscid) fluid contained in a bounded cavity Ω ⊂ R d , d = 2, 3. As is well-known, neglecting completely the effect of viscosity leads to unphysical conclusions among which the best known is the celebrated D'Alembert paradox: Both drag and lift vanish in a potential inviscid incompressible fluid flow. We consider a more realistic situation of a perfect compressible fluid and show that the initial-value problem for the associated Euler system is essentially ill-posed in the class of weak solutions. As weak solutions are indispensable in gas dynamics, where shock waves develop in finite time, the result suggests the model based on the Euler system calls for a thorough revision.
Rigid body motion
The position of rigid bodies at a time t ∈ [0, T ] is represented by compact sets B i (t) ⊂ Ω ⊂ R d , i = 1, . . . , N. The mass distribution in the bodies is determined by the density ̺ S = ̺ S (t, x),
(1.1)
We denote
̺ S dx -the total mass,
x)x dx -the barycenter of the body B i at a time t ∈ [0, T ].
(1.
2)
The motion of the rigid bodies is described through a velocity field u S = u S (t, x) :
The field u S generates a flow map X, d dt X(t, X 0 ) = u S (t, X), X(0, X 0 ) = X 0 ∈ Ω.
In accordance with (1.3), X(t, ·) : B i → B i (t) is an isometry for any t ≥ 0, i = 1, . . . , N.
(1.4)
In addition, we set ̺ S (t, X(t, x)) = ̺ S (0, x) for any x ∈ Ω, meaning ̺ S satisfies the equation of continuity ∂ t ̺ S + div x (̺ S u S ) = 0 (1.5) in the sense of distributions. The time evolution of the velocity field is governed by Newton's second law. If d = 3, introducing the inertial tensor
we can write the momentum equation in the form (see Galdi [5] or Houot, San Martin, and Tucsnak [6] )
Here T is the total Cauchy stress acting on the body and g is a given external body force. In the real world applications, g is the gravitational force. If the bodies are immersed in a perfect fluid, the tensor T reduces to T = −p F I,
where p F is the fluid pressure.
In the case d = 2 the proper equations can be deduced by using appropriate projection. The momentum equation (1.6) remains the same, however, the inertia tensors J i have only one component and this can be computed as
Then, rotation is represented just by a scalar quantity ω and (1.7) is replaced by
(1.10) See also Ortega, Rosier, and Takahashi [7] .
Fluid motion
Neglecting the thermal effect, we suppose that the time evolution of the fluid density ̺ F = ̺ F (t, x) and the fluid velocity u F = u F (t, x) is governed by the barotropic Euler system
The equations are satisfied in the fluid domain
Finally, we impose the impermeability boundary conditions
where u S is the velocity field governing the motion of the bodies, cf. (1.3).
Compatibility
The motion of the rigid bodies is driven by the surrounding perfect fluid, if the Cauchy stress T satisfies
For relation (1.12) to make sense, a notion of boundary trace of the fluid density ̺ F is necessary.
As the latter may not be continuous, we consider a larger class
where at least one-sided traces are available as soon as ∂B i is Lipschitz, cf. Evans and Gariepy [3] .
As is well known, smooth solutions of the Euler system develop singularities in a finite time for a fairly general class of initial data. Our goal is therefore to consider the fluid-structure interaction problem in the framework of weak solutions. We show that the corresponding initial-value problem admits infinitely many solutions for any a priori given admissible motion of the rigid objects. By admissible motion we mean the motion of the rigid objects governed by the velocity field satisfying (1.6), (1.7) with
Although, apparently, not any given motion is admissible -the classical example is a ball B with homogeneous density distribution for which the barycenter coincides with the geometric center and there is no way how to control the rotational velocity ω -our result implies certain reversibility of the rigid body evolution. In addition, there are always infinitely many solutions (density and velocity od the fluid) giving rise to the same body motion. The result is proved by the abstract machinery of convex integration developed in [4] . The crucial observation is that the "incompressible" convex integration technique developed in earlier work of De Lellis and Székelyhi [2] can be adapted to the compressible Euler system with an a priori given density, cf. [4] .
The paper is organized as follows. In Section 2, we introduce the concept of weak solution to the fluid-structure interaction problem and state our main result. In Section 3, we reformulate the problem to fit the abstract framework of convex integration. In Section 4, we apply the method of convex integration within the framework developed in [4] to show the existence of infinitely many solutions for given rigid body motion. The paper is concluded by a discussion about physically relevant solutions in Section 5 and concrete examples of admissible rigid bodies motion in Section 6.
Weak formulation, main results
We start by introducing the concept of weak solution to the fluid-structure interaction problem (1.1)-(1.14). For the sake of simplicity, we omit the effect of volume forces setting g ≡ 0.
] if the following holds:
• Integrability.
For the trace of ̺ F in (2.3) to exist, we need certain regularity of the fluid domain: (i) ∂B i at least Lipschitz for any i = 1, . . . , N,
Note that the latter is true at any t if it is true at t = 0 as the governing velocity field u S is globally Lipschitz.
Next, we introduce the concept of admissible motion.
Note that the density ̺ F is determined by the pressure p F only on the boundaries ∂B i of the rigid bodies. Its extension to Ω, and, in particular, to its fluid part Q F is completely arbitrary as soon as the total mass of the fluid is conserved -condition (2.4).
Finally, we introduce the class of initial data compatible with an admissible motion.
be an admissible rigid body motion with the associated density ̺ F in the sense of Definition 2.2. We say that the initial data
• m 0 restricted to the fluid domain takes the form
Remark 2.5. The necessary compatibility conditions for solvability of the Neumann problem (2.6) is a consequence of the transport theorem:
evaluated at t = 0.
Remark 2.6. As pointed out in Remark 2.3, the density profile ̺ F , in particular its initial value ̺ F (0, ·), is fixed by the rigid bodies motion only on the boundaries of the rigid bodies.
Our main goal is to show the following result:
is an admissible motion in the sense of Definition 2.2.
Then for any initial data ̺ 0 , m 0 ,
, and any i = 1, . . . , N. The rest of the paper is essentially devoted to the proof of Theorem 2.7. In view of the recent results by Chiodaroli [1] , De Lellis and Székelyhidi [2] , the conclusion of Theorem 2.7 may not come as a complete surprise. The striking fact, however, is that solutions exist for any a priori given motion of the rigid objects. One may certainly argue that most of the solutions are not physical in the sense that the weak formulation does not include any kind of energy balance. Indeed for u and ̺ sufficiently smooth it is a routine matter to deduce from the momentum balance equations (1.6), (1.7), (1.12 
Here P (̺) is the pressure potential,
Solution are called admissible, if the energy inequality set
As we shall see in the course of the proof of Theorem (2.7), the solutions can be constructed to be admissible, at least in the open interval (0, T ). The crucial point, of course, is to see whether (2.9) holds for s = 0, where the energy is expressed in terms of the initial data. We shall discuss this issue in Section 5.
Reformulation
We reformulate the problem to fit the abstract framework developed in [4] . First, let us fix the admissible motion of the rigid bodies ̺ S , u S , {B i } N i=1 with the associated density ̺ F as in Theorem 2.7. As u S is globally Lipschitz, we have
(3.1) Accordingly, as the boundaries of B i are of class C 2 , the part of Ω occupied by the fluid,
is a bounded domain of class C 2 for any t ∈ [0, T ]. Thus we may identify the potential Φ = Φ(t, ·) at any t ∈ [0, T ] as the unique solution of the inhomogeneous Neumann problem:
normalized by the condition
We fix the density ̺,
The velocity u F in the fluid part will be determined via the momentum m F = ̺ F u F , where
In the weak sense, the conditions imposed on v may be stated as 
In view of (3.2), (3.3), this can be written in the weak form:
, ϕ(t, ·) · n| ∂Ω F (t) = 0. We infer that the proof of Theorem 2.7 reduces to finding the field v ∈ L ∞ (Q F ; R d ) satisfying (3.3), (3.4) for given
Convex integration
The problem (3.3), (3.4), with fixed parameters satisfying (3.5), may be solved by a version of the convex integration method developed in [4] . We start by rewriting the equations in a slightly different form:
In addition, we prescribe the kinetic energy,
where Λ = Λ(t) is a spatially homogeneous function to be determined below. Observe that (4.2), (4.3) yield (3.4) as soon as the test function ϕ in (4.2) satisfies ϕ(t, ·) · n| ∂Ω F (t) = 0.
To solve (4.1)-(4.3), we first follow the strategy of De Lellis and Székelyhidi introducing the space of subsolutions X 0 containing velocity fields v with the associated fluxes F satisfying:
As explained in detail in [4, Section 2-4], the solutions of (4.1)-(4.3) are obtained as zero points of the convex functional
defined on a completion X of the space of subsolutions X 0 with respect to the metrics of the topological space
As shown in [4] , J vanishes on the set of its points of continuity, where the latter is not of the first Baire category in X, in particular, it is dense in X, see [4] for details.
Accordingly, it is enough to show that X is non-trivial, meaning the set of subsolutions X 0 is non-empty. Considering the trivial ansatz v = 0, F = 0, we get
As Φ, ̺ F are fixed belonging to the class (3.5), one can definitely find Λ = Λ(t) so that (4.4) holds in Q T . This completes the proof of Theorem 2.7. Finally, observe that the total energy now reads
where the last equality holds for a.a. t ∈ [0, T ]. In particular, we can choose Λ = Λ(t) in such a way that the total energy equals for a.a. t ∈ (0, T ) to a strictly decreasing function, meaning the solutions are admissible in the sense of (2.9). Thus we have obtained the following. The question when the energy inequality (4.5) includes the initial time s = 0 will be discussed in the next section.
Energy inequality, physically relevant solutions
We briefly discuss the validity of the energy inequality "up to the origin", specifically
In view of the specific construction used in Section 4, notably with Λ satisfying (4.4), we do not expect (5.1) to hold for the solutions obtained in Section 4. However, Corollary 4.1 ensures the existence of a full measure sets of times s such that (4.5) holds. This yields the following result. The there exists a set S ⊂ (0, T ) of full Lebesgue measure such that for any s ∈ S we have the following property:
For any data Theorem 5.1 asserts the existence of at least one solution, however, a refined analysis performed in [4, Section 6 ] may be used to show that there are in fact infinitely many solutions starting from the same initial data. We leave the interested reader to work out the details.
On admissible motion
We conclude the paper by several examples concerning possible admissible motions of rigid bodies.
A ball in three dimensions
Let η be a given velocity of the center of gravity of some ball B. We have, according to (1.6),
We consider a pressure
where U is an open neighborhood of B and σ : Ω → [0, ∞) is a smooth function satisfying χ B ≤ σχ U . The function p 0 : [0, T ] → R is such that the whole pressure is positive and the corresponding density ̺ satisfies (2.4) for every t. Such pressure may also induce some rotation -see Remark 6.6. Anyway, we may construct an admissible pressure and density for any given smooth translation of the center of gravity of the given ball.
Let now assume the center of gravity agrees with the geometrical center of the ball, i.e.
Then the rotation of such ball cannot be influenced by an action of the perfect fluid. Indeed, the second term on the right hand side of (1.7) is zero for every sufficiently smooth pressure. This is a consequence of (x − x B ) × n = 0, for every x ∈ ∂B.
Consequently, any smooth translation of such ball is an admissible motion assuming the rotation is constant in time. The same applies to a finite number of rigid balls provided there is neiter mutual contact nor a contact with the boundary ∂Ω at the initial time.
Homogeneous body in two dimensions
We assume ̺(x)| B i = 1. Throughout this section we understand n : ∂B → S as a function which assign a normal direction to a point of a boundary. Moreover, we assume i is fixed through this chapter and thus we drop this particular index. Lemma 6.1. Assume B is a strictly convex compact body with a C 2 boundary. Then for every x 0 ∈ ∂B and every neighborhood U x 0 there exists a bounded C 1 function p :
where F has a direction of n(x 0 ).
Proof. There is a neighborhood of x 0 = 0 and a coordinate system such that there exists a function h(x) : R → R + 0 , h(0) = h ′ (0) = 0, h(x) = 0 for x = 0, {(x, h(x))} = ∂B on the neighborhood and, moreover,
The choice of a coordinate system yields F is of the form (0, F 2 ) with F 2 > 0. In what follows, we assume U x 0 is contained in this neighborhood and we look for a positive function p supported in U x 0 . The right hand side of (6.1) written in coordinates has a form
. Due to assumptions, H(x)x > 0
for all x = 0. Note that the second integral gives some positive value, denote it by c.
It is possible to find a function p such that the first coordinate is 0. Indeed, Let P denote some even bounded smooth non-negative function with support in (−R, R). Let f be defined as
Due to assumptions, f can be extended continuously to 0. The function p(x) = P(x)f (x) posses all demanded qualities. Indeed, it is bounded, continuous and, due to the definition of f , p(x)H(x) is an odd function. Furthermore, since P and f H are at least C 1 functions, it follows that p is also a C 1 function. It remains to multiply this function by F 2 c to get the demanded value of the second coordinate.
The function p is now defined on a boundary of B. However, it is trivial to extend it on the whole R 2 such that its support remains in a neighborhood of x 0 . Lemma 6.2. Let B fulfill assumptions of the previous lemma and let it be not a ball. Then there exists a non-negative pressure p such that
Proof. We recall that n : ∂B → S assigns a normal direction to a point of the boundary. Let N : S → ∂B be its inverse -note it is well defined due to the assumption about the convexity of the body. Furthermore, we define
m ∈ S be such that T (m) and T (−m) have the same sign. Further, for m 0 ∈ S in form m = (cos θ 0 , sin θ 0 ), θ 0 ∈ T [0,2π) we establish right and left neighborhood as follows: • There exists m 1 ∈ U + m 0 ∩U − m 0 such that T (m) < 0 for m ∈ U m 1 . If T (m) < 0 for m ∈ U −m 1 , we are done. Otherwise, there exists at least three open sets U + m 0 , U − −m 0 and U −m 1 on which T (m) is positive. We chose one vector from each of these sets, denoting them m a , m b , m c . We use Lemma 6.1 to construct non-negative pressures which create forces in direction m a , m b , and m c . Their linear combination with positive coefficients gives the resulting force equal to 0. However, the resulting ̟ is positive.
The lemma can be proven similarly even if (6.3) is not fulfilled, the method of the proof is the same. The assumption just allows to keep the notation lucid.
Further, there exists p 2 such that ∂B p 2 ndS x = 0 and simultaneously ∂B p 2 (x − x B ) · n ⊥ dS x = ̟ 1 = 0.
It suffices to take
Similarly as in the previous section, U ⊃ B is a neighborhood of B, σ u is a smooth function satisfying χ B ≤ σ U ≤ χ U and p 0 (t) is such that the total pressure p 3 is positive and the corresponding density satisfies (2.4).
Remark 6.6. The assumption that body is homogeneous cannot be omitted. Indeed, concern a body B = {(x 1 , x 2 ) ∈ R 2 , (x 1 − 1) 2 + x 2 2 ≤ 4} with a center of gravity x B = 0. It follows that for x ∈ ∂B we have n = 1 2 (−x 1 + 1, −x 2 ) and x · n ⊥ = x 2 2 . Thus, for every pressure inducing a force F = (0, 1) we have
and, consequently, every force in the direction of (0, 1) induces also some nontrivial torque.
